The spectroscopic analysis of the frequency distribution of the amplification of optical radiation due to the Raman effect (Raman gain profile) in single-mode fibers based on silica glass has been carried out in the region of Stokes frequency shifts from 0 to 1400 cm −1 . The Raman gain profiles are determined from the experimental spectra of spontaneous scattering for widespread fibers, namely for pure SiO2, GeO2, P2O5, and TiO2 doped fibers. The analytic expressions of the Raman gain profiles are given. They are obtained, by using the Gaussian decomposition by means of 11-12 modes, and the experimental profile is approximated with an accuracy of not less than 0.3%. The decomposition results are analyzed in terms of the fundamental oscillatory dynamics of molecular nanocomplexes in amorphous glass, as well as in the application aspect of the modeling of photonics devices. Examples of the proposed method applications are presented for the analysis of noise parameters of the fiber Raman amplifiers and for the generation bandwidth in fiber Raman lasers.
Introduction
Modern advances in the fiber lasers technology demonstrate the outstanding parameters such as the spectral purity and generation line width, output power, energy, and duration of ultrashort pulses [1] . They are primarily associated with the use of various doping impurities to silica glass, from which the most common fibers are made. Over the last decade, the impressive achievements in increasing the output power have been registered both for laser sources on rare earth ions [2] [3] [4] and for non-inverse lasers based on the effect of stimulated Raman scattering (SRS) of light [5, 6] . For example, a fiber Raman laser (FRL) at an arbitrary wavelength can be built, by using a short (∼30 m) sample of standard single-mode fiber made of silica glass [7] . However, the outstanding parameters of fiber lasers are realized, first of all, by modifying the fiber core with appropriate impurities.
For quite a long time, germanosilicate fibers were mainly used as the most efficient active medium for FRLs [8] [9] [10] . Just in germanosilicate fibers, the Raman cross-section of a core material is higher by more than one order of magnitude compared with fibers based on pure SiO 2 [11] . Thus, these fibers are successfully used for both fiber Raman amplifiers (FRAs) of optical signals and for FRLs [12, 13] . Recently [14] , an FRL with an output power of 188 kW with the use of the 70-m-long germanium fiber was reported. A high-efficiency Raman converter from 1080 nm to 1120 nm with a GeO 2 -doped fiber is a key element of such laser with the output power as high as kilowatts.
A detailed analysis of the threshold conditions and the working generation band of an FRL based on GeO 2 -doped single-mode fibers was presented in [15] . In the present paper, we describe our calculation technique and give the numerical results of the spectroscopic analysis of the Raman gain profile for a number of other single-mode fibers based on silica glass in the Stokes shift region from 0 to 1400 cm −1 .
Theoretical Basics of Spontaneous and Stimulated Raman Scattering in Optical Fibers
Spontaneous Raman scattering (RS) occurs as a result of the interaction between the optical wave field and vibrations of separate molecular nanocomplexes in amorphous compounds, from which the optical fiber core is made.
Oscillatory model of Raman active vibrations of molecular nanocomplexes in amorphous glass
The most common fiber ("pure" SiO 2 fiber) is made of silica glass SiO 2 with small impurities of germanium GeO 2 into the fiber core to form a waveguide. It should be noted that this is a standard fiber commonly referred to as a "pure" SiO 2 fiber, but it actually contains several volume percents of GeO 2 impurities inducing the formation of the region with increased refractive index. A change in the refractive index of a single-mode fiber core relative to the cladding makes up Δ ∼ 10 −2 , as a rule, and it directly depends on the GeO 2 impurity concentration. At the same time, a small amount of germanium impurities makes it possible to attribute this most common type of fibers to pure SiO 2 (hereinafter, the quotes symbols will be omitted). When the GeO 2 concentration in the core is raised up to 25%, the observed Raman gain coefficient is grown more than an order of magnitude in accordance with an increase in the stimulated Raman cross-section in the spectrum of molecular oscillation modes nearby the 440-cm −1 peak. Because of a sharp increase in the Raman amplification, this type of fibers is referred to a separate class called a Raman fiber or GeO 2 -doped fiber, and it is used as a working active medium for the vast majority of modern Raman lasers.
The glass of both fiber cores is rather complicated, since it is formed by an amorphous compound from molecular nanocomplexes containing Si-O-Si, Si-OGe ( Fig. 1) , and seldom Ge-O-Ge bonds. We consider the elastic bond of an oxygen atom with two adjacent silicon or germanium atoms in the modeling of Raman processes. Since the oxygen atom is lighter than other atoms, it is often assumed [11] that the vibrations of these atoms create a harmonic oscillators system for the Raman process. Although the oscillating spectrum of molecular nanocomplexes is clearly not limited to oscillations of only oxygen atoms, it is efficient to quantitatively describe the features of the Raman gain against the background of the spontaneous scattering, by using the model of one oscillating mode.
In the most probable process of inelastic scattering of a photon of an optical radiation field on this oscillation, the oscillator energy is increased. Simultaneously with a decrease in the incident photon energy, the scattered light (Stokes wave) acquires a lower optical frequency, and its frequency is shifted by the phonon oscillation frequency of the mentioned molecular nanocomplexes. The spontaneous Raman crosssection does not depend on the intensity of excitation radiation and differs from zero in the centrally symmetric glass only for non-polar oscillations.
The relaxation of the excited oscillator to the future equilibrium position in irregular amorphous compounds, such as glass, occurs very rapidly (on femtosecond time intervals) through various interaction processes with other oscillators. Therefore, the renewal of the equilibrium state of glass occurs almost instantaneously. As a result, the spontaneous Raman cross-section turns out to be temperature-dependent due to the Bose factor of the phonon population on oscillator's energy levels.
In the presence of a Stokes wave, which can be an external optical signal, the stimulated Raman process occurs. It becomes apparent in the exponential growth of the Stokes wave power propagating through the fiber. The conversion efficiency of the pumping power into a Stokes wave due to the Raman amplification is proportional to the pumping wave intensity. Therefore, in order to characterize the dynamics of the Raman gain process, the gain coefficient of the electromagnetic wave propagating in the fiber instead of the scattering cross-section is introduced.
Within our work, we rely on results of the stationary Raman theory in fibers for the quantum and semiclassical approaches. The Raman amplification process is described by means of continuous waves for both the pumping wave and signal wave. This approximation involving the rapid relaxation of fiber's phonon system is proved to be rightful for the experimental data interpretation even for relatively short pulses with subpicosecond duration and for signal frequencies extending up to several dozen GHz.
Quantum dynamics of spontaneous and stimulated light scattering on phonons
In terms of quantum dynamics, the elementary act of Raman scattering consists in the that a photon with angular frequency is inelastically scattered on a molecule, and two events can occur: i) Stokes and ii) anti-Stokes processes. The Stokes process consists in the birth of a phonon with angular frequency in addition to a photon with a lower angular frequency = − . In the case of anti-Stokes process, an incident photon receives the phonon energy and, after the scattering process, acquires a higher angular frequency = + . These events may occur spontaneously or be stimulated by photons at the Stokes or anti-Stokes frequencies.
Based on the quantum approach, the dynamic equation for a change in the number of photons with the frequency in the process of inelastic light scattering (spontaneous + stimulated) depending on the photon propagation -distance along the fiber was obtained [16] in the first-order perturbation theory in the form
where is the number of pumping photons, is the number of phonons of molecular oscillations of a fiber core. Due to the fast relaxation of molecular oscillations, we can assume that is maintained under conditions of thermodynamic equilibrium, i.e., the population is determined by the Bose-Einstein distribution:
where = ℎ/2 is the Planck constant, B is the Boltzmann constant, is the absolute temperature, and the coefficient in Eq. (1) has the form
where / is the differential polarizability of a molecule determined by a derivative of the polarizability with respect to the displacement coordinate , is the effective mass associated with a vibration, is the number of oscillators in the interaction volume , and are the dielectric permittivities for Stokes and pumping waves, correspondingly, they are given in scalar approximation; = / √︀ / 0 is the phase velocity of a Stokes wave, is the light velocity in vacuum, 0 is the dielectric constant, and ( ) is the density of final states, in which the system may find itself after the scattering. The density involves the sum of contributions from all possible final states.
The density of states ( ) is a parameter of quantum theory. It is difficult to calculate the density of states directly, especially in the case of the irregular medium of an amorphous fiber core, since it requires the determination of all electron-vibrational energy levels of each molecule. In addition, this density depends on the phonon damping, which returns the system from the final state to the initial one through molecular transitions. There are many processes that return the system to a state of thermal equilibrium.
Despite the difficulties associated with the exact solution of the quantum equation (1), we can make a number of important conclusions regarding the physical features of the Raman amplification of a Stokes photon against the background of spontaneous Raman scattering as the main source of Stokes noise in the processes of nonlinear Raman amplification of optical radiation. The first positive term in the square brackets on the right-hand side of Eq. (1) is responsible for the exponential growth of Stokes photons due to the stimulated Raman effect in the process of propagation of photons along the -direction of the fiber. The second term, − , describes the own attenuation of Stokes photons. Finally, the third term, ( + 1) , describes the spontaneous Raman scattering, since with a given pumping, = const, the number of Stokes photons does not change at any fixed length of the fiber. For the next data analysis, it is necessary to specify two differences between the processes of spontaneous and stimulated Raman scatterings.
First, the stimulated radiation intensity does not depend on the temperature in contrast to the spontaneous radiation, for which the factor + 1 has essential temperature dependence in accordance with Eq. (2) . Second, the occurrence of the stimulated Raman scattering has a threshold nature. Let the number of pumping photons, ≪ , be small. Then the stimulated Raman scattering can be neglected. According to (1), / < 0, i.e., Stokes photons are absorbed during the propagation process. The attenuation of Stokes waves stops at = = . Therefore, the stimulated Raman scattering will be noticeable over the spontaneous Stokes noise background at > .
Classical electrodynamics of light scattering processes in single-mode fibers
According to classical calculations, whose results are given in this subsection, the Lorentz-type form of a Raman line appears quite naturally. Therefore, classical electrodynamics under conditions of the homogeneous broadening of vibrational energy levels in a system containing oscillators actually substantiates the use of a Lorentz lineform for the quantum mechanical value ( ). Moreover, in amorphous fibers, where the orientation of a molecular nanocomplex relative to neighbor's environment is wholly random, the broadening of an oscillatory level becomes heterogeneous, and the oscillatory level can acquire the Gaussian form.
In order to describe the Raman scattering in an optical fiber in terms of classical electrodynamics, the analysis is advisable to limit by the one-mode field scattering. The full electric field in the case of Raman gain should be considered as the sum of two monochromatic waves, one at the pump frequency , and the other at the scattered wave frequency , which coincides, under the amplification, with the signal frequency. Next, the corresponding indices and are used to indicate the signal and pumping waves. If we restrict ourselves to the most common types of fibers in our consideration, namely, to those with weak waveguide properties, then it is possible to divide the electric field into the transverse part ( ), (where = , , and = √︀ 2 + 2 ) and the function of : ( ). Then the full electric field takes the form
where e is a unit polarization vector, and is the propagation constant. It is determined, by solving the eigenvalue problem of a waveguide [∇
, where ∇ 2 ⊥ is the two-dimensional Laplace operator. The abbreviation c.c. in Eq. (3) denotes a complex conjugation of the previous expression.
The polarization induced by the electric field is equal to the density of dipole moments and has the form
where 0 = / is the concentration of molecules, the vector q describes a displacement of the oscillating mass in a molecule from the equilibrium position, = 0 is the macroscopic polarizability of the scattering medium, which is the sum of all dielectric susceptibilities of individual molecules in the unit volume, and the sum by repeated indices is implicitly assumed in Eq. (4) and so forth. The first term on the right-hand side describes the Rayleigh scattering, the second term describes the Raman scattering, and the tensor = / is the Raman tensor. In terms related to the description of non-linear optical phenomena, =
and (1) ≡ 0 . In the case of isotropic core of an optical fiber, as well as for other media with an inversion center, we have (2) ≡ 0. Therefore, at the description of the stimulated Raman process in fibers, the nonlinear polarization should have the form
.
The relationship between the nonlinear susceptibility of the third order (3) and the Raman tensor = / may be installed as follows. The vector q depends on E in the form (3) for the case of stimulated Raman effect. The synchronous external force F is created by a corresponding combination of pumping fields and the Stokes wave, and the resonant behavior of this oscillation is excited. This vector q is described by the equation of a forced harmonic oscillator
where Γ is the damping constant, and Ω 0 is the selfresonant frequency of a harmonic oscillator without attenuation, is the effective mass of the oscillation. Note that the homogeneous equation in (6), as is known [17] , must have quasiperiodic solutions only in the case of weakly damped oscillations Γ < Ω 0 , and its resonance frequency is equal to Ω = √︀ Ω 2 0 − Γ 2 , i.e. it decreases under the attenuation influence. To solve Eq. (6), the shift q is expressed as
where and are, respectively, the wave number and the current frequency of forced oscillations of the damped phonon mode. As the Raman active vibration is dipole-inactive in the case of isotropic medium of the fiber core, the components of the external force vector should have the form [16] :
The resonance of stimulated oscillations for the fields in the form (3) will be realized to obey the synchronization conditions as a result of the energy and momentum conservation laws:
Leaving only the synchronous components for the force in (8) in the product of fields as in (3), we obtain
which allows us to write solution (6) in the form
The induced polarization at the frequency may be expressed from Eqs. (3) and (4) in two equivalent forms as the amplitude at the oscillatory term exp{ ( − )} in the form
with the complex conjugation at the frequency − . Thus, the expression for the susceptibility tensor of the third-order (3) is:
where the tensor components are
They do not depend on the Stokes shift frequency , as distinct from the complex function˜( ) describing the resonant behavior of the third-order susceptibility (3) near own frequencies Ω of a molecule oscillations.
Thus, Eq. (12) gives the quantitative expression of the nonlinear relationship between the Stokes wave and the pumping wave, when they are simultaneously propagating along the -direction of the fiber. Then the amplitude of the Stokes electric field E = E = = e ( ) ( ) exp{ ( − )} will be slowly changing in the −direction due to the smallness of components (3) and = / . That is why the term 2 E / 2 may be neglected, and the wave equation for the amplitudes of each Stokes component of scattered waves may be written as In practice, the most important is the dynamic equation for the power
, where is the cross-section area of a fiber. It can be obtained directly from (16) in the form [10] 
This expression describes the exponential Raman amplification of a Stokes wave in single-mode fibers.
Spectral Raman gain profile
The gain coefficient of the Stokes wave power occurs to be directly proportional to the pumping power = , whereas the gain coefficient depends only on the fiber parameters in the form
where eff is the effective area of the overlap of the pumping and the signal waves
The Raman gain coefficient is a function of the Stokes shift frequency . If we assume that the Raman tensor components are real numbers = * , then, according to (14) and (18), this dependence can be represented explicitly as
The function ( ) is called the Raman gain profile. Profile (20) has a resonant dependence of the damped oscillator (Lorentz type), since it is obtained in the one-oscillator model of an individual molecule. All oscillatory energy levels in the ensemble of oscillators are expanded, and the form-factor ( ) may remain as (20) in the case of homogeneous broadening. With the random distribution of molecular movement orientations relative to the surroundings, the broadening of vibrational levels becomes heterogeneous. The form-factor ( ) takes the form
and belongs the Gaussian type. Both profiles (20) and (21) are presented in Fig. 2 for two values of relative phonon's damping, namely for Γ/Ω = 0.05 and 0.1. The broadening is mostly heterogeneous in such amorphous materials as glass. Below, we continue to use the Gaussian components (21) in order to decompose the complex Raman spectra in optical fibers.
Raman gain features and its relation to the spontaneous scattering
In fact, the difference between the Raman spectrum and the frequency Raman gain profile in single-mode silica fibers was found by the analysis of the quantum dynamic equation (1) . Since the energy of photons with frequency in its numerical expression is equal to the spectral power density, the number actually determines the monochromatic radiation power in the unit frequency interval around . Due to the quantum approach, the monochromatic power is interpreted as the number of photons in one longitudinal mode of optical radiation. This allows us to connect the Raman gain profile to the spontaneous Raman cross-section based on the dynamics of Stokes and pumping photons.
First of all, the absence of the temperature dependence of the Raman amplification makes the connection of the frequency profile ( ) with the spontaneous cross-section such that the cross-section 0 ( ) at the zero temperature corresponds to the Raman gain value [18, 19] . So, ( ) takes the form
where is the Stokes wavelength, is the speed of light, ℎ is Planck's constant, and the weak frequency dependence of the refractive index in the frequency region of the Stokes shift can be neglected. The Raman cross-section ( ) measured at a temperature is referred to a zero-Kelvin cross-section 0 ( ) as
where ( , ) is the Bose-Einstein factor (2) . Another difference between the stimulated and spontaneous Raman processes is the amplification of a coherent Stokes wave during the stimulated Raman process, whereas the entire Stokes shift region corresponds to the incoherent optical noise as the spontaneous process. Experimental studies of the noise statistics of the amplified spontaneous emission (ASE) were carried out in [20] and confirmed the Bose-Einstein distribution for the noise appeared as ASE in the fiber Raman amplifiers. Figure 3 shows the scattering cross-section ( ) in the spontaneous Raman spectra as a function of the temperature , where the experimentally measured Raman gain profile is selected for the zeroKelvin cross-section 0 ( ) in the most conventional fiber based on pure silica SiO 2 . Some idealization of the picture in Fig. 3 consists in the fact that the basic profile obtained for = 300 K was considered unchanged over the whole temperatures range from 77 K to 500 K.
In practice, the description is complicated by the fact that noticeable changes in the profile can occur both due to a change in the damping constant Γ and a shift of the resonant frequencies Ω of a damped oscillator of molecules in the fiber core. As a result of a great decrease in the temperature, the damping Γ decreases, as a rule, by several times as well, which leads to the greater separation of individual phonon modes of the oscillatory spectrum. According to (6) , the frequency shift Ω = √︀ Ω 2 0 − Γ 2 with respect to the own frequency of a non-damped oscillator Ω 0 will be negligible with Γ ≪ Ω 0 . However, the shift will be noticeable for highly damped lowfrequency oscillations. For Γ > Ω 0 , the oscillation Intensity, rel. un. Fig. 3 . Cross-section in the spontaneous Raman spectra as a function of the temperature and the Raman gain profile corresponding to the zero-Kelvin cross-section 0 ( ) completely disappears from the phonon spectrum. At the same time, the difference between the spectra of the Raman scattering and the Raman amplification shown in Fig. 3 is observed experimentally at least in a certain proximity to room temperatures (it was observed in our investigations as well), when the pumping power does not exceed several hundred mW. Note that such pumping regimes for the single-mode fiber are nominal for optical FRA, and they are close to the lasing threshold in FRL. According to (22) , (23) , and the data shown in Fig. 3 , the significant difference between the spontaneous Raman spectra and the Raman gain profile in pure SiO 2 fibers, in particular at = 300 K, should be observed only in the frequency range of the Stokes shift less than 500 cm −1 , where the thermal population factor of phonons is considerably greater than 1. The thermal population factor for Stokes phonons in the higher-frequency region (>500 cm −1 ) loses its frequency dependence and does not differ practically from 1. Therefore, the spontaneous Raman spectrum coincides with the Raman gain profile.
Thus, the multiple growth of the cross-section ( ) for Stokes shifts less than 200 cm −1 relative to the Raman gain allows one to even visually detect the spontaneous Raman scattering, i.e. the incoherent Stokes noise in the optical spectrum of a silica fiber. On the other hand, this feature of the Raman processes was considered by us as the basis for the method to determine Raman gain profiles by the spontaneous Raman spectra in other types of fibers mainly based on silica glass.
Absolute transparency and the lasing threshold due to a Raman gain in optical fibers
To determine the Raman gain threshold, it is sufficient to consider the simplest case of the interaction between one pumping wave and one Stokes wave. Then the intensities of both waves in the quasicontinuous approximation with regard for the slowly changing wave amplitudes during their propagation along the fiber ( coordinate) are described by the system of two coupled equations:
where and take the fiber losses at the Stokes and pumping frequencies into account, respectively; ( ) is the Raman gain coefficient, is the pump intensity, and is the Stokes wave intensity. Equations (24) and (25) follow from the Maxwell equations and are derived analogously to Eq. (17) . It should be noted that the variable frequency of both interacting waves is included in Eqs. (24) and (25) as a parameter. For the frequency dependences of the variable functions and coefficients in these equations, we apply the following approximations. The width of the pumping line can be considered infinitely narrow compared to the Stokes radiation band. In other words, the pump remains localized at its frequency , and ( , ) = ( , )| = = ( ) and does not depend on the frequency at any point along the fiber. In fact, the system of equations (24), (25) describes the Raman interaction of monochromatic pumping waves and Stokes radiation.
Naturally, the wave coupling degree at any given frequency within the irregular continuum of Stokes shifted frequencies is unambiguously determined by the values of the functions ( ) = max ( )| = considering the attenuation of both waves. It is determined by absorption coefficients , = , ( ). The function ( ) is shown in Fig. 3 at =0 for a single-mode pure SiO 2 fiber, and it is a subject of the separate research in our work for other types of a fiber. The dependence , ( ), as a rule, is rather weak. From this viewpoint, we consider the absorption coefficients and to be constant and frequency-independent in Eqs. (24) and (25) .
From Eq. (24), the condition of absolute transparency of the fiber is directly resulted. Its physical sense corresponds to the lasing threshold of the Raman gain process. Since the pumping power ( ) may be expressed in terms of the pump intensity ( ) and the fiber effective area eff , the equality / = 0 in view of the inequality ( )/ > 0 gives the following quantitative expression [15] 
where˜[m/W] and [W · km] −1 are two equivalent forms of the Raman gain coefficients referred to the intensity and the power , respectively. Expression (26) determines the spectral function of the full transparency of a fiber, i.e. th = th ( ) corresponds to the boundary condition when the material of the fiber core begins its transformation from the natural state with the Stokes wave attenuation to a state, in which the Stokes wave is amplified by the pumping power. For th , its minimum value at ( max ) = max is usually chosen. The advantages of such definition of the amplification threshold are as follows.
Let the pumping power be known at a certain point of the fiber obtained as a result of the measurements or calculations. Then the direct verification of the inequality > (<) th with the known constant and function ( ) allow us to determine not only the frequencies, for which the condition of full transparency of the fiber is fulfilled, but also the amplification (generation) band that lies between them. A particular example of this modeling for a TiO 2 -doped fiber is given in Section 3.
Thus, using Eq. (26) and available experimental data for the Raman gain profile ( ), we can directly calculate the lasing threshold as a function of the frequency (or wavelength) in the region of Stokes shifted frequencies for an arbitrary wavelength of the pumping source. According to (20) and (21), the gain profile ( ) of a particular oscillatory mode may be described by simple lineform functions, namely those of the oscillatory (Lorentz) type and/or Gaussian type. However, real fibers have such complex gain profile that the satisfactory shape of the function 
Raman Gain in Single-Mode Fibers Based on Fused Silica
Our analysis of Raman gain profiles is based on the experimental spectra of spontaneous Raman scattering. A general view of the Raman spectra is shown in Fig. 4 , a for single-mode fibers with different dopants in the core, namely for pure SiO 2 fibers and for GeO 2 -and for TiO 2 -doped ones, as well as for phosphorussilicate fibers (with P 2 O 5 impurities). The Raman spectra in all optical fibers based on silica glass are characterized by the appearance of an irregular continuum, which is formed due to the overlapping of strongly extended modes of the oscillating spectrum.
Because of the large difference in the scattering cross-sections, the spectrum of pure SiO 2 in Fig. 4 is depicted for the convenience of comparison with other fiber spectra, in particular with that of a GeO 2 -doped fiber, on a scale increased by ∼8 times. Both types of silica fibers are the most investigated, and their Raman gain coefficients are well known. So, they are used in our work to calibrate the absolute gain values in other types of silica fibers.
Other fiber types (TiO 2 -and P 2 O 5 -doped fibers) are developed more later; they have good perspectives as an active medium for the nonlinear optical amplification, but they have been significantly less studied. The advantages of phosphorus-silicate fibers were demonstrated in [8] as an example of the cascade FRL generation, by using a Stokes shift of 1330 cm −1 in the molecular vibration spectrum of this fiber core. The field of applicability of these fibers can be expanded, by using of the entire area of Stokes shifts, in particular, the frequency range ∼500-1400 cm −1 . In this paper, we analyze comprehensively the Raman gain profiles for these single-mode fibers in a wide frequency range of Stokes shifts.
The preliminary theoretical analysis of the Raman scattering processes forms the basis for the direct determination of a Raman gain profile from the experimental Raman spectrum as its part that does not depend on the temperature. Then we use the spectroscopic technique for determining the Raman gain profile in an analytic form, and it is based on the multimode decomposition of the complex spectrum in a definite region of Stokes shift frequencies.
Note that the amorphous nature of silica glass significantly complicates the solution of such rather standard spectroscopic problems in almost every case of optical fiber, and their general solutions have not been obtained yet. However, we succeeded to find a special solution to this problem in a number of individual cases, in particular, in the case of TiO 2 -doped fiber [21] , [22] . In this paper, we also give an analytic expression for the Raman gain profile in a phosphoric silicate fiber, which has explicit prospects for the use as an active medium in modern devices of fiber nonlinear optics.
Determination of Raman gain profiles by spontaneous spectra in silica fibers
Our method for the determination of a Raman gain profile from the spontaneous spectra is based on formulas (22) and (23) . It consists in the separation of the component, which corresponds to the zerotemperature (on the Kelvin scale) spectrum of own molecular oscillations from spontaneous spectra and does not depend on the absolute temperature of the fiber. The result of such processing of spontaneous spectra of all investigated fibers is presented in Fig. 4 , b.
The Raman gain profiles are mainly different from the spontaneous Raman spectrum by a significant decrease in the absolute intensity of low-frequency components due to the spectral distribution of the Bose factor of the phonon population (2) . Indeed, at the frequency corresponding to the wavenumber equal to 20 cm −1 , the spectral density of spontaneous noise is by 11 times greater than the Raman gain at = 300 K. This difference between Raman gain profiles and the spontaneous spectra becomes ∼13-14% at the frequency ∼440 cm −1 , where Raman gain coefficients reach their maximum for pure SiO 2 and GeO 2 -doped fibers. Moreover, the ratio of the spectral density of the Stokes noise to the Raman amplification decreases below 1% level only at frequencies exceeding 880 cm −1 at room temperature. Therefore, the absolute maxima of the Raman gain coefficients for TiO 2 -and P 2 O 5 -doped fibers located at frequencies of ∼930 cm −1 and ∼1330 cm −1 , respectively, practically coincide with the values of the differential Raman cross-section at least for typical ambient temperatures ≤ 300 K.
The normalized Raman gain profiles separated from the experimental spontaneous spectra for the Stokes shift region of 0-1400 cm −1 (0-42 THz) are presented in Fig. 5 for SMF made from silica glass: a -for pure SiO 2 ; b, c, and d -for GeO 2 -, TiO 2 -, and P 2 O 5 -doped fibers, respectively. The values of the gain coefficients at the maximum frequency points of the Raman profile were given earlier in [11] , namely, max = 0.4 (W · km) −1 for pure SiO 2 and max = = 6.3 (W · km) −1 for specialized Raman fiber with the GeO 2 dopant concentration in the core up to 25%. We supplemented the data of work [11] by extending the Stokes shifts region up to 1400 cm −1 , as is shown in Fig. 4, a, b .
The estimation of max values for TiO 2 -and P 2 O 5 -doped fibers was made by comparing the absolute intensities of main spectral components in the experimental Raman spectra, since they are unambiguously associated with the corresponding Raman gain profiles. According to this estimation, max = = 4.8 (W · km) −1 is achieved at a Stokes shift frequency of 930 cm −1 for a TiO 2 -doped fiber. In P 2 O 5 -doped fiber, the maximum value of the Raman gain coefficient reaches, according to data [9] , 90% of the gain in a GeO 2 -doped fiber and, therefore, should be equal to max = 5.7 (W · km) −1 at the Stokes shift frequency max = 1330 cm −1 . The absolute value of max together with the normalized Raman gain profiles unambiguously determines the magnitude of the nonlinear signal gain at a given point of the Stokes shift band. Despite the given numerical values of max can vary slightly, by depending on the technological specific features affecting the effective area of fibers, the presented estimates allows us to obtain a quantitative idea of the nonlinear-optical properties of the fiber core of the investigated silica glass and its chemical composition.
All Raman gain profiles presented in Fig. 5 can be conventionally divided into two almost equal spectral regions. The first one is from 0 to 700 cm −1 . It contains the main maxima of the Raman gain from the base material of the fiber core, that is, the silica glass. The second region from 700 cm −1 to 1400 cm
can be assigned to the dopant oscillatory spectrum, since its small intensity of Raman bands can be observed in both pure SiO 2 and in the standard fiber strongly doped with GeO 2 . In contrast, the bands containing the Raman gain maximum in two other samples of both TiO 2 -and P 2 O 5 -doped fibers are located in the second (i.e., dopant) region. However, both impurities TiO 2 and P 2 O 5 simultaneously considerably perturb the phonon spectrum in the first low-frequency region as well. The absolute intensity of these molecular vibrations is increased by several times compared with pure SiO 2 .
Because of the irregularity of the quasicontinuous vibrational spectrum and the "diffuse" nature of Raman lines, whose width may exceed 100 cm −1 with a strong overlap in Raman spectra of silica glass, it is necessary to use special methods of spectroscopic modeling of Raman gain profiles. The simulation basis is the theory presented in Section 2. According to it, the Stokes shift frequencies in the Raman process are placed within the band of spontaneous Raman scattering from each of the oscillatory modes of the fiber core material.
Multimode decomposition of Raman gain profiles
The rationale of the multimode decomposition method for Raman gain profiles is proved by the several formation peculiarities of phonon spectra in different types of glass noted in many papers [9-11, 23, 24] . In particular, although the profile of the refractive index changes in the fiber core repeats the distribution of the dopant concentration, the Raman gain spectra of the germanosilicate fibers are not a simple mixture of the spectra of pure SiO 2 and germanium glass GeO 2 [11] . The essential deformations of Raman gain profiles in glass of one type relative to glass of another type are observed in practice. This indicates a significant change in all the vibration parameters, such us amplitude, frequency position, and damping constant. Moreover, the Raman gain coefficients of some germanosilicate composites can significantly exceed the values that have both pure components of this glass.
The significant expansion of oscillatory spectrum bands of molecular oscillations of more than 100 cm −1 is typical of the materials based on amorphous glass. So, the Stokes region in each fiber is converted into an irregular continuum (Figs. 3 and 4) , where it is practically impossible to separate the frequencies of individual oscillating modes. The analysis of the spontaneous Raman spectra of pure SiO 2 in the Stokes region between 0 and 900 cm −1 was presented in [23] . The authors found at least 10 separate components by the careful attachment to the observed spectral features such as the maxima positions, slopes, and pedestals available in the spectrum, and these components were classified as those of the Gaussian type. In our work, the decomposition into Gaussian components in a pure SiO 2 fiber core was carried out for Raman gain profiles in the Stokes shift region up to 1400 cm −1 .
The oscillatory dynamics of molecular nanocomplexes of the amorphous fiber core underlies the formation of Raman gain profiles. So, the profiles can be modeled as a system of harmonic oscillators forced by the external rather powerful pumping wave. Some simplifications of the model consist in the neglect of the frequency dependence of the effective area eff and the refractive index , as well as the dependence of the Raman gain coefficient on the Stokes
Results of multimode decomposition of Raman gain profiles in silica fibers. To estimate the approximation accuracy, the parameter = ( − 0 )/ 0 × 100% is presented, where and 0 are the corresponding integral intensities of the calculated and measured Stokes spectra 
wavelength , in expression (22) . In the literature [24] , a rather weak monotonic dependence of on the pumping frequency just at the Stokes wavelength is often referred to as the Raman gain scaling by the pumping wavelength. It is appropriate to be taken separately from the spectroscopic simulation of Raman gain profiles. In fact, the main frequency dependence in a Raman gain profile is given by the imaginary part of the nonlinear polarizability (3) (18) due to the resonant denominator (14) , which arises in a phonon harmonic oscillator and leads to the oscillating mode lineform with the form-factor (20) or as the Gaussian function (21) .
The physical sense of the Gaussian decomposition procedure for a Raman gain spectrum is substantiated by the amorphism of a core material in all investigated fibers. Due to the amorphous nature of both fused silica and other fibers, each damped oscillator (6) with a resonance of the vibrational coordinate Q at the frequency Ω [according to (11) ] has an arbitrary orientation relative to its neighbors, which introduce stochastic perturbations to the frequency of this oscillator. As a result, we should expect the formation of a Gaussian profile for the superposition of a large number of narrow spectral maxima with a normal distribution of random values of the frequencies of these oscillators. Therefore, we have decomposed all Raman gain profiles into several spectral components of the Gaussian type:
where ( ) is an analytic function of the frequency corresponding to a normalized Raman gain profile, max is the maximum value of the Raman gain coefficient; is the number of components; and , are the amplitude and central frequency of the -th Gaussian component, respectively, Γ = Δ /(2 √ ln 2) ≈ 0.6Δ , where Δ is the full width at half the maximum for the -th Gaussian profile, which is usually used in spectroscopy.
The main task of the decomposition is to achieve the best fitting of the form-factor ( ) to the experimental Raman gain profile of each fiber presented in Fig. 5, а-d . The problem in practice was solved by finding an optimal set of 3× parameters from (27) , by using the computer procedure of nonlinear approximation by the Levenberg-Marquardt method. This method uses the algorithm to search for the minimum sum of the least squares by the method of rapid descent to the quadratic minimization of deviations of experimental points from the function ( ) defined by (27) . With a proper choice of the initial approximation, this method allows us to obtain very good practical results in approximating the Raman amplification spectrum throughout the Stokes shift frequency range from 0 to 1400 cm −1 . The numerical values of multicomponent decomposition parameters are presented in the table, and the approximation accuracy of experimental profiles for all 4 SMF types is demonstrated in Fig. 6-9 .
The decomposition procedure involving these formation features of rather complex Raman gain profiles in amorphous fibers is represented with two aspects: fundamental and applied. At first, it is the spectroscopic aspect, and the decomposition is considered as a possible method to divide the density of oscillatory states of molecular nanocomplexes into well-defined contributions. In the second applied aspect of decomposition, the goal is to construct the simplest function ( ) corresponding to the experimental Raman gain profile with maximum precision.
The numerical data of the spectroscopic decomposition are presented in the table. They can serve as the interpretation basis of the peculiarities of phonon spectra of the fiber cores forming the Raman gain profiles. For example, all Raman bands in pure SiO 2 visible in Fig. 6 with frequencies less than 1053 cm −1 or 1180 cm −1 belong [23] , mainly, to fundamental onephonon oscillations. The area of multiphonon overtones and composite tones extends from the line with a frequency of 1180 cm −1 or 1460 cm −1 to a frequency of 2600 cm −1 and above. It remains unclear whether the 1180 cm −1 line corresponds to a one-or two-phonon state.
The main asymmetric maximum of the Raman gain in the pure SiO 2 (Fig. 6) be noted that the lifetime of this oscillation almost an order of magnitude longer than the lifetime of its neighboring modes, allows maintaining the stable synchronization conditions (9) required for the coherent amplification of a Stokes wave in the single-pass Raman amplification process. This may be an argument to explain the results of previous experiments [25] , where the maximum of a single-pass amplified Stokes wave was observed just at the 495-cm −1 frequency of the Stokes shift with the kW-power pulse pumping. The gain profile in a Raman fiber (doped with ∼25% GeO 2 ) is notably different from the profile in pure SiO 2 , as shown in Fig. 7 , and 11 Gaussian components were sufficient for its decomposition. The main deformation of a Raman gain profile is due to a sharp increase in the relative intensity of mode 5 → 448 cm −1 , and this is most likely a result of the coupling of two separate modes 4 and 5 observed in the spectrum of pure SiO 2 . This is confirmed by the average value of the oscillation frequency and the extension of the entire band. The narrow 481-cm −1 line becomes more damped, its frequency is lowered by 15 cm −1 , the relative intensity is reduced by 4 times, and, therefore, this mode slightly affects the spectral profile. The low-frequency profile slope is formed by two main components 3 → 179 cm −1 and 4 → 306 cm −1 with damping constants of 102 cm
and 119 cm −1 , respectively. The result of such profile rearrangement with GeO 2 dopants in the fiber core is one separate rather wide maximum in the 410-450-cm −1 region with a simultaneous notable increase in the value of max . The Raman gain profile in a TiO 2 -doped fiber together with 12 Gaussian components of its decomposition is presented in Fig. 8 . The most powerful oscillatory mode 9 → 928 cm −1 with a damping constant of 44 cm −1 is located in the impurity region of Stokes shifts. The relatively slight damping, as for amorphous materials, testify to the enough large transparency of TiO 2 -doped glass for the propagation of optical phonons at frequencies = 930 cm −1 = = 28 THz. On the other hand, the full width of this band of the Raman gain is greater than 2 THz, and it is quite enough for many applications. In addition, the phonon spectrum of the glass matrix is noticeably rebuilt by the impurities, and its structurization, according to our data, consists in the formation of a powerful oscillatory mode 3 → 381 cm −1 with a damping constant equal to 215 cm −1 . As a result, the Raman gain coefficient is much higher compared with pure SiO 2 in the actual Stokes shift area from 100 cm −1 to 600 cm −1 (3-18 THz). The result of the decomposition of the Raman gain profile in a P 2 O 5 -doped fiber is shown in Fig. 9 . The tendency of the P 2 O 5 impurity to influence the formation of a Raman gain profile in silica glass is very similar to that of TiO 2 with certain quantitative differences. The main maximum of the Raman gain coefficient is provided by the oscillating mode 12 → 1329 cm −1 with the damping constant equal to 27 cm −1 . According to our data, the significant contribution to the Raman gain in the domain of the own phonon spectrum of the glass matrix gives mode 4 → 437 cm −1 with the damping constant equal to 268 cm −1 , and this significantly expands the spectral range of applications of P 2 O 5 -doped fibers.
In general, the determination of the damping constant Γ for all Gaussian components allows us to quantitatively estimate the damping degree and the (28) is based on the weak signal assumption, and it is actually used an approximate solution of system (24), (25) for a fixed pump, when the pump power depletion is neglected [16] . Furthermore, the measured values of 0 [dB/(km · W)] are dependent not only on their own Raman gain, but also on the additional linear parameters concerning the pump power, optical fiber losses at the pumping wavelength, and so on. Therefore, it is often necessary, except for the recalculation from 0 into , to consider corrections to the above restrictions for the accurate use of the 0 [dB/(km · W)] term in the simulation of optical waveguide gain processes, in particular, when the system of equations of type (24) , (25) is used. It is the invariance of the profile ( ) with respect to the linear fiber parameters and the pumping features making it more suitable for the simulation of the Raman photonic devices.
The most expressive differences between the spontaneous and stimulated Raman spectra in the lowfrequency Stokes shift region discussed in Subsections 1.5 and 2.1 in detail are very useful for experimental studies of FRA noise parameters. In particular, the amplified spontaneous emission has been analyzed for the idle mode (without an external optical signal) [28] , [29] , and a mixture of the amplified and spontaneous noises is observed at the output of the investigated fiber. As the pump power increases, the exponential growth in the amplified noise as compared with a non-coherent Stokes noise background independent of the pumping is observed [30] . By the careful analysis of a deformation of the noise spectra under the pumping influence, we were able to separate the coherent amplified Raman noise from the background of the spontaneous Stokes noise, which is discussed in [31] , [32] in more details.
On the other hand, the extremely wide frequency band of the single Raman gain profile (∼4 THz = = 130 cm −1 for pure SiO 2 ; Fig. 5, a) , is a basis of the modern technology for the FRA design with a unique wide band of operating frequencies. Using the pumping on several wavelengths, the high-quality FRA of light in the band more than 10 THz with a very low level of own noises was demonstrated [12, 13] . The completely fiber-based implementation of 10 FRL is presented in [12] , where a 6 FRL provides a uniform amplification of Stokes waves in C + L transparency windows. The internal resonator on the fiber Braggs grating in the Raman (GeO 2 -doped) fiber performs a 4-fold Stokes conversion on ∼420 cm −1 of the pumping wavelength from 1100 nm to 1347 nm. A certain alternative to GeO 2 -doped fibers, in our opinion, can present a fiber with a TiO 2 dopant [33] . Figure 10 shows the modeling results for the full transparency function (26) in a TiO 2 -doped fiber at = 1.35 m, which demonstrates the possibility of forming several lasing areas. In particular, at a relatively low pumping power equal to = 18 dBm, it is possible, as one can see in Fig. 10 , to form at least four bands of laser generation across the wavelength range from 1.37 m to almost 1.6 m. Note that such wide tuning range of the FRL generation line exceeds almost twice the band of a standard Raman fiber, mainly due to the impurity domain on the Raman gain profile in a TiO 2 -doped fiber. From the practical point of view, the obvious advantages of TiO 2 -doped fibers include the possibility to obtain a laser generation both at the FRA pumping wavelengths and the signals carrying information in the transparency windows of the telecommunication fibers.
Some application examples of the doped singlemode fibers as FRA active media are given in [8] . The output power in a fiber Raman laser with a resonator on Bragg gratings with the use of a phosphor sili-cate fiber with a content of P 2 O 5 of 13% molecular weight (Δ = 0.011) and 200 m in length was 2.3 W at = 1240 nm with a pump power of 3.5 W at 1.06 m (Nd 3+ ). Hence, the quantum efficiency was realized to be 77%, by using a Stokes shift frequency of 1330 cm −1 . Simultaneously, there are even more serious applied possibilities [34] , as indicated in the Fig. 5 for the Raman gain profiles in doped fibers for both multiwave FRL and for ultra wideband Raman amplification of optical signals.
Conclusions
Spectroscopic features of Raman gain profiles in four types of single-mode fibers based on silica glass are analyzed by their extraction from the experimental spontaneous spectra with successive multimode decomposition, by using Gaussian-type components. The justification of the method is based on the oscillatory model of Raman active vibrations of molecular nanocomplexes in amorphous glass with regard for both quantum and semiclassical approaches. It is shown that the temperature changes of the Raman spectra are concentrated in the low-frequency region of the spectrum. At = 300 K, these changes are more than an order of magnitude exceed the corresponding components of the Raman gain profile at frequencies ≤20 cm −1 , but they are became practically invisible at frequencies above 800 cm −1 . It has been found that the nonlinear spectrum of the Raman amplification is much more affected by alloying dopants, by an order of magnitude, as compared with the changes of linear parameters of the fiber core, since the corresponding changes in the refractive index are Δ ≃ 0.01. The Raman gain profiles are strongly deformed due to the significant restructuring of the vibrational spectra of molecular nanocomplexes of the cores of fibers under the influence of relatively small dopant concentrations. As a result of the Gaussian decomposition with the use of 12 components in pure SiO 2 , P 2 O 5 , and TiO 2 and using 11 components in a GeO 2 -doped fiber, it has been established that the main vibrational modes of the glass matrix in fibers, which form the Raman gain profiles, are considerably varied with all oscillation parameters. These changes are several times by the amplitude and about tens of cm −1 by the frequency position and damping constants. Therefore, the average value of the relaxation time of the stimulated Raman processes is ≃ 300 fs, and this provides, firstly, a possibility of the practical use of Raman amplifiers and light generators in the terahertz band of operating frequencies. Second, such femtosecond time interval indicates the fundamental limit of the quasistationary approximation applicability, namely, for the basic coupled equations describing the nonlinear wave interactions in the Raman effect for the modeling of telecommunication systems with terabit capacity. The decomposition allows us to obtain the almost exact fitting of experimental data and provides a reliable basis for calculating the main FRA parameters. A simple analytic form of approximating functions in the form of a linear combination of exponentials is an essential advantage of the presented method. It may be useful for the modeling of gain parameters, in particular, for the determination of the spectral density of optical noises and lasing bands for the given pumping parameters, for the optimization of the size of a group delay in the multiwave pumped FRAs, and for the creation of appropriate correction devices.
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